A Brahmagupta quadrilateral is a cyclic quadrilateral whose sides, diagonals, and area are all integer values. In this article, we characterize the notions of Brahmagupta, introduced by K. R. S. Sastry, by means of elliptic curves. Motivated by these characterizations, we use Brahmagupta quadrilaterals to construct infinite families of elliptic curves with torsion group Z/2Z × Z/2Z having ranks (at least) 4, 5, and 6. Furthermore, by specializing we give examples from these families of specific curves with rank 9.
Introduction
In [11] , Dujella and Peral illustrate a connection between Heron triangles, and elliptic curves. Recall a Heron triangle is a triangle whose side lengths and area are all integers. Specifically, they used Heron triangles to generate certain families of elliptic curves with high rank. More generally, a polygon with integer sides, diagonals, and area is known as a Heron polygon. In this work, we use Heron quadrilaterals to similarly find families of elliptic curves with high rank.
Let E be an elliptic curve over Q. The well known theorem of Mordell-Weil states that E(Q) � E(Q) tors × Z r , where r is a nonnegative integer called the rank of E. By a theorem of Mazur [20] , the only possible torsion groups over Q, E(Q) tors , are Z/nZ for n = 1, 2, . . . , 10, 12 or Z/2Z × Z/2nZ for 1 ≤ n ≤ 4.
Let T be an admissible torsion group for an elliptic curve E over Q. Define B(T ) = sup{rank E(Q) : torsion group of E over Q is T }, G(T ) = sup{rank E(Q(t)) : torsion group of E over Q(t) is T }, C(T ) = lim sup{rank E(Q) : torsion group of E over Q is T }.
There exists a conjecture in this setting that says B(T ) is unbounded for all T . Even though B(T ) is conjectured to be arbitrarily high, it appears difficult to find examples of curves with high rank. See [9, 10] for tables with the best known lower bounds for B(T ), G(T ), and C(T ), including references to the papers where each bound is found.
Throughout this paper, the elliptic curves we generate all have the torsion group T = Z/2Z × Z/2Z. There have been a variety of techniques used to find high rank elliptic curves with torsion group T . The best result B(T ) ≥ 15 is due to Elkies [9] . Elkies also established the best known lower bounds for G(T ) and C(T ), which are 7 and 8 respectively [10, 12] . Elkies' technique involves using K3 surfaces of high rank and their moduli. In another direction, Dujella et al. used irregular Diophantine m-tuples to prove B(T ) ≥ 8, C(T ) ≥ 4. These results were subsequently improved to B(T ) ≥ 11, C(T ) ≥ 5, again using the theory of rational Diophantine m-tuples [1, 7, 8] .
Dujella and Peral [11] used Heron triangles to find families of elliptic curves over Q(t) with ranks (at least) 3, 4, and 5, and torsion subgroup T , showing C(T ) ≥ 5. They also gave examples (from these families) of curves with rank 9 and 10, thus B(T ) ≥ 10. This improved upon earlier work by Izadi, et. al. [15] which had used Heron triangles to find a family of curves with rank 3, and examples of curves with rank 7.
In a similar fashion, we use Heron quadrilaterals to find families of high rank elliptic curves with torsion group T . We first construct a family with rank at least 4, and then by specializing find subfamilies with ranks (at least) 5 and 6. In particular, the rank 6 family provides the best lower bound for C(T ) other than Elkies' bound mentioned above. We also performed a computer search within our first rank 4 family, and were able to find examples of curves with rank 9.
Brahmagupta quadrilaterals
A cyclic polygon is one with vertices upon which a circle can be circumscribed. Mathematicians have long been interested in Brahmagupta's work on Heron triangles and cyclic quadrilaterals. For example, consider Kummer's complex construction to generate Heron quadrilaterals outlined in [6] . The existence and parametrization of quadrilaterals with rational side lengths (and additional conditions) has a long history [2, 5, 6, 13, 14] . Buchholz and Macdougall [3] have shown that there exist no nontrivial cyclic quadrilaterals with rational area and having the property that the rational side lengths form an arithmetic or geometric progression.
We will refer to a cyclic Heron quadrilateral as a Brahmagupta quadrilateral [19] . Sastry [19] used Pythagorean triangles to construct general Heron triangles and cyclic quadrilaterals whose side lengths, diagonals, and area are integers, i.e., Brahmagupta quadrilaterals. He introduced a rational parametrization of the four sides of these quadrilaterals:
where t, u, v ∈ Q such that abcd * 0. Brahmagupta's formula gives the area S of a cyclic quadrilateral, in terms of the side lengths a, b, c, and d:
where s = (a + b + c + d)/2. Letting d = 0, this reduces to the well known Heron's formula for the area of a triangle in terms of its side lengths. Brahmagupta also determined formulas for the lengths of the diagonals:
Using the parameterization in (2.1) above, it is easily checked the area S and diagonal lengths D 1 , D 2 are rational.
Elliptic curves and Brahmagupta quadrilaterals
A priori, there is no reason to associate Brahmagupta quadrilaterals with elliptic curves. However, by the area formula (2.2) we see the point (α, β) = (s, S ) lies on the quartic
This quartic is birationally equivalent to an elliptic curve in the following manner.
By the substitution
the curve (3.1) thus turns into
where
2) (or (3.3)) defines an elliptic curve so long as a * b * c * d. We note that by setting d = 0, this elliptic curve becomes the same elliptic curve studied in [11] , which arose from Heron triangles. Assuming a * b * c * d, the curve E has three 2-torsion points:
which shows the torsion group T contains Z/2Z × Z/2Z. It can be easily checked that T Z/2Z × Z/2Z by using the specialization monomorphism [20, III.11.4] . In addition, a simple calculation verifies the following three points also lie on E:
where a, b, c, d, and S are as in Section 2. The points P 1 and P 2 both come from rational points on (3.1). Specifically, P 1 is the image of (s, S ), while P 2 is the image of the point at infinity. The point P 3 is easily found, and is rational since
By the specialization theorem [20] , in order to prove that the family of elliptic curves defined in (3.3) has rank ≥ 3 over Q(t, u, v), it suffices to find a specialization t = t 0 , u = u 0 , v = v 0 such that the points P 1 , P 2 , P 3 are linearly independent points on the specialized curve over Q. If we take (t, u, v) = (2, 4, 3), then the points P 1 = (−14720, 456320),
are linearly independent points of infinite order on the elliptic curve 2 3 y = x + 10313x 2 − 79016960x.
Indeed, the determinant of the Néron-Tate height pairing matrix of these three points is the nonzero value 6.62644785139830 according to SAGE [18].
Families with rank at least 4
We specialize in order to find families of elliptic 3 curves with higher rank. Note that x + Ax 2 + Bx = x 2 (x + A + B/x). Thus, if we can 2 find a value x 0 such that x 0 + A + B/x 0 = y 0 is a square, then ( x 0 , y 0 ) is a point on the 2 3 curve y = x + A x 2 + Bx. So a natural approach to find additional rational points on E is to examine the factors f of B, and check if f + A + B/ f is a square polynomial. The irreducible factors of B are
Searching through all factors of B failed to lead to a fourth linearly independent point on E. However, we widened the search by modifying these factors slightly. For
If we change u − v to u + v and let
then x 4 + A + B/x 4 will be a square provided that
is square. Note that h is a quadratic polynomial in u, for which we can easily parameterize all rational solutions to h = j 2 . Indeed, letting
then h is a square for arbitrary m. We denote the elliptic curve which depends on t, v, and m (with u as in (3.4)) as E t,v,m . By specialization we verify x 4 is the x-coordinate of a fourth linearly independent point P 4 . We take (t, v, m) = (2, 3, 1), which makes u = −12/31. Then the points P 1 = (566596800/923521, 1313937979200/887503681), [18]. This shows the family of elliptic curves E t,v,m has rank ≥ 4 over Q(t, v, m) with independent points P 1 , P 2 , P 3 , P 4 .
We can similarly find other families with rank at least 4. For example, if we change 1 − uv to 1 + uv, then
similarly leads to a quadratic polynomial in u which we need to be square in order for x 4 to be the x-coordinate of a rational point P � 4 on E. Setting 8t
leads to a second family where we obtain a fourth linearly independent point. The independence can be easily verified, and we omit the details. which we denote by E t,v,m with m defined in (3.6) has generic rank equal to (at least) 5 over Q(t, v, m).
To increase the rank to 6, we need 5(3m 2 − 752) to be a square. Using (3.6), this is equivalent to 2 3 2 E 6 : z = 5(5w 4 − 180w + 6w + 540w + 45).
Note the rational point (0, 15) is on E 6 , and hence E 6 is an elliptic curve. Using standard transformations, E 6 is isomorphic to 2 E 6 : y + 180xy − 27000y = x 3 − 8070x 2 − 22500x + 181575000.
Specifically, given a point (x 0 , y 0 ) on E 6 , let w = (30x 0 − 242100)/y 0 and m = 2 4(3w 2 − 10w − 9)/(w + 3). Then x 6 leads to a rational point on our elliptic curve arising from a Brahmagupta quadrilateral. Specializing shows these six points are independent. For example, if we take the point ( x 0 , y 0 ) = (181806, 61174224) on E 6 , then w = 635/7453, which makes m = −42003212/3212401 and u = 49973671730004/26610765059003. The specialized curve E t,v,m is 
194460584555652587681392870591278745345396455616982627
These points are linearly independent, as the canonical height pairing matrix has nonzero determinant 2491225492.50894. We note that the rank of E 6 is 2, being generated by (−1130, 156800) and (−930, 140400). As there are thus an infinite number of points on E 6 , we obtain an infinite number of Brahmagupta curves with rank at least 6. We note that the equations for the rank 5 and rank 6 families above can be simplified somewhat by clearing denominators. In addition, we observed that other families with high rank can be obtained by setting t, v, and/or m to different values for the curve E t,v,m . For example, if instead we let t = 2, and v = 3, and set is the x-coordinate of a fifth point P 5 , leading to a family with 5 linearly independent points. We omit further details.
Search for higher rank
We did a computer search to look for individual curves E t,v,m with high rank. Because computing the rank of an elliptic curve can be time consuming, we used Mestre-Nagao sums ( [16, 17] ) to perform an initial sieving process. These sums are of the form
Elliptic curves with large rank tend to have high values for S (N, E).
We used the bounds −60 ≤ t ≤ 60 and −100 ≤ v, m ≤ 100 looking for those curves E with S (523, E) > 24 and S (1979, E) > 33. We also searched by letting t, v, and m be fractions whose numerators and denominators were bounded by 15 in absolute value. After this initial sieving, we calculated the Selmer rank of the remaining curves with Cremona's mwrank program [4] , and then computed the rank of those curves with high Selmer rank. We also searched the rank 5 and rank 6 families, but the coefficients quickly grew too large to be able to compute ranks. We found many examples of curves with rank 8 and 9. The results of the curves with rank 9 are displayed in Table  1 , along with the curves with high rank for which we were not able to determine the rank precisely.
Conclusion
We believe our approach can be used to find many other families of curves with high rank and torsion group T = Z/2Z×Z/2Z, using as a starting point the family E t,v,m of Section 3.1. We obtained our rank 5 families by specializing t and v, however it is certainly possible that such families might be found be specializing only one 
